METHODS 12

Concepts and techniques

1 logs(25)=2 = 25=5°
logs(16) =2 = 16=4°
logs(125)=3 = 125=5°
logz(16) =4 = 16=2"
logs(3)=1 = 3=3
log;(49) =2 = 49=7
log,(128)=7 = 128=2'
logs(1)=0 = 1=5°

o o T 9

= (o] =-h @

2 a logs(2) =

Wl
N| -
|
|~

1 1
b Iog{zj = - = =42

1
~
IN

c Iog4(W)=% = 47

1 1 1 1

d  logs|——|=-2 = =3¢
93(%j 3 73

3

e |og2 (ﬁ} = _E = _2:275

4 2 4

f loga(b)=c = b=a°
g log(va)=3m = a=c"
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72=49
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3 a
b 3%=27
c 2*=16
d 5°=125
e 11°=
f (2)°=1
4 a 52= L
25
b 2= L
16
c 10_3:i
1000
4 [ -1
4 81
. 17 _ 1
4 64
. 1)1
2 8
2
g 6% = 3/36
3
h 75= 3/343
i a“=m
i b®=d

RV 2

U

logs(49) = 2
logs(27) =3
log2(16) =4
logs(125) =3
log:1(1) =0
logz(1) =0

1
logs| — | =-2
95(25j

1 L1
log,| — |=40or37°'=—=logs| — | =4
% 81) 81 93( J

1 _3 1 1
log,| — [=3 0or(47)=— = logs| — | =-3
o, )2or Y=o = toa o)

log,
2

logr(¥/343) :-g

loga(m) =k
logn(d) =3
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log,(64) = 6
loge(81) = 2
logs(81) =4
log;(343) =3
logs(216) = 3
logs(1) =0

logs(3) =1
10910(100 000) =5
logs(243) =5

J l0g4(1024) =5

1
6 a log,| — |=4
91(16j

2

1
b logs| — | =-3
gs(125j

c log, (16) =-2

4

1
d log.| — |=4
91(256j

1
e log,| — | =7
gz(lZSj

f log, (512) =-9

2

1
log,| — |=4
° g§(81j

1
h log;| = | =-1
97(7j

i log, (27) =-3

3

j log , (0.001) = 3

10

o @ —Hh ® o o T 9
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Reasoning and communication

7 a |ng(\/§) = %

b uogg<9@>=§
c Iog4(@)=%

d  logs(~/343) =

N | w

e Ioge(%ﬁé

8 a Let logs (8) = x
S 8=4
23 — 22x
x=15
logs(8) =15
b Let loge (27) =X
L 21=9
33 — 32x
x=15
logy (27) = 1.5
c Let logs (16) = x
- 16=8"
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d Let loges (32) = X

5 32=64"
25 - 26X
5
X=—
6
5
lo 32)= =
Us4 (32) 5
e Let log,7(243) = x
5243 =27
35 - 33X
5
X=—
3

logsy (243) = g

9 Given x=Ua® show that log,(x™)=p
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1
ybp

10  Given a= show that log, (a™")

-

<
~<\U||_\ o
k=]

oy

< |o

(ox

.. log, (a) __P
y
- —ylog,(a)=p
~ log,(@”)=p
11

y=%p"

y=p®
m
- lo =—
g,(y) 3
. 3alog,(y)=m
~ log,(y*)=m
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=p

Given y=%/p™, show that log,(y**) =m
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Concepts and techniques

1 a logs(1) =0
b logx(1) =0
c 2 logs(1) =0
d log«(1) =0 forx >0
e [logs(1)]*=0°=0
f logs(3) =1
g logz(2) = 1
h 2logs(5) =2x1=2
i logx(x) =1 forx>0
J 5loga(a) =5x1fora>0
2 a log7(0) is not defined
b log»(0) is not defined
c 2 logs(0) is not defined
d logy(0) is not defined
e logz(-1) is not defined
f loge(-7) is not defined
g log4(—x) is not defined
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3 a log,(64) = 6
log4(64) = 3

c logs (\@): 0.5

d Iogs(S\@): logs (5) Iogs(ﬁ) =1+05=15
1 )_
e 1 (_} =-05
0g, 77
i 4|oga(J5) =4x05=2
g 2loga(a®)=2x3=6
4 a 1094(10) + log4(2) — 10g4(5) = 1094(10 x 2 = 5) = logs(4) = 1
b logs(25) + logs(125) — logs(625) = logs(25 x 125 + 625) = logs(5) =1

c logz7($) +logs (4) = —§+§ =0

d log,(16) + loga(4) + loga(8) = log,(16 x 4 x 8) = log,(2°) =9 log,(2) = 9
e 1094(40) — 10g4(10) — logs(4) = 10g4(40 + 10 + 4) = log4(1) =0
f logs(8) — logs(4) + 2 = logs(8 + 4) + 2 logs(5) = logs(2 x 25) = logs(50)

g logs(2) — logs[ﬂ = log, (2)-log, (4™*) = log, (2)+log, (4) = log, (8) =1

h logs(125) — logs(32) —log, [%]

2 125 5 625
=log.|125+32+—= |=log,| —x— |=l0Q.| —
ge( 5] 96(32 ij g6(64j

log.(16) _ _
5 a . = log»(16) =4

log,(2)

b 108D _ oy @1y =xme1=27 3= k=2 o 166D 4
log, (27) 3 log,(27) 3
log,(81) _ _

=log,(81) =-4

log,(3) E
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190,215 (2) =x = 22025 =2-2% = x——%

log, (0.25)
log,(2) _ 1
log, (0.25) 2
5 loga (x) + log, (x*) — log, (x Iog{ ] log, (x*)

3 logr (x) - 5Iogy(x)+4logy(x)_log7(x ij Iog7 )

4 IOgG (X) - IOgﬁ( ) Iogs Ioge(x e j = |096(X_1) = Ioge (%)

logz (x + 2) + log, (x + 2)? = log, (x + 2)°

loga [(x — 1)°] - loga [(x — 1)*] =log, {(X _1)2 } =log,(x-1)
(x-1)

logs (x — 3) + logs (x + 3) — logs (x* = 9)

=log, [%] =log, [%] =log,(1) =0

log, (\5/10x3 %Io 9;(10x°) = % log, (10) +%Io g;(x°) = % log, (10) +§Io 9,(x)

Iog{”ﬂ—lom(xa) ~log,(y?) = Iog4(x)+ Iog4(a) 2log,(y)
log, (43) = ilog @) =1 (0.613):0.153

logs (2) = loge [gj = logs (6) — logs (3) = 1 — 0.613 = 0.387

logs (108) = logs (36 x 3) = 2 loges (6) + logs (3) =2 + 0.613 = 2.613

© Cengage Learning Australia 2014 ISBN 9780170254663



Reasoning and communication

9 Given that logp (7) + log, (k) =0, find k.
log, (7) = —logp (k)
—log, (7) = logp (K)

log, (%): log, (k) as 77" =

~N |-

k:l
7

10 Given loga (X) = 4 and loga (y) =5,
a loga (x%y) = 2 10ga (X) + loga(y) =2 x4 +5=13
b loga (axy) = 10ga (8) + 10ga (X) + 10ga(y) =1 + 4 + 5= 10

c loga{ﬁ} loga (+/x) = 10ga () = Lloga(¥) = loga(y) = Lx4-5=3
y 2 2

2
11 Show that log, [4 f 6}2 %Iogg(x)—2Iog3(y)+glogg(z)
yz
X2 NG %
|Og3 4@ =|Og3 [WJ

— o3, () ~og,(y*) ~log, (2"
_2 8 6
=2 10g, ()~ 10g,(y) ~ 7 log, (2

1 3
= EIogg,(X) —2logs(y) —§|093(Z)
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12 a Prove: loga(1) =0fora>0anda =1
Let loga(1) = x
Using the definition of logarithms,
1=a"
. x=0foranya> 0. We do not use 1 as a base so a = 1.
b Prove: log.(a) =1 fora>0and a= 1.
Let loga(a) = x
Using the definition of logarithms,
a=a
. x=1lfora>0anda=1.

13 Prove the quotient law of logarithms

l.e. prove Ioga(ijz loga(x) — loga(y) for a, x,y >0 and a = 1.
y

Letlog,(x)= p and letlog,(y) = q

~ x=a’ and y=a“

Ioga(gJ:Ioga(x)—loga(y) for a,x,y> 0 and a=1.
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Concepts and techniques

|Og4 (9) - IOglO (9)

1 : log;,(4)
_ log,(6)
P O @
c loga (20) = log,, (20) _ log,(2) +10g,,(10) _ log,,(2) . log,, (10) 1
|Oglo (2) |0910 (2) |Oglo (2) |Oglo (2)
d lo (200) - Ioglo (200) _ |0910(2)+ lo 010 (100) _ |Og10 (2)+ 2
v IOglO (7) B Ioglo (7) -
e logs(02) = 109u(02) _log;(2)~100,,10) _log,(2)-1

l0g,,(9) l0g,,(9) log,,(9)

log,,(6) 0.7782 1
log,,(3) 0.4771 =

631

2 a logs (6) =

log,,(2) 0.3010

b logi2 (2) =
9:2(2) log,,(12) 1.0792

=0.2789

¢ logs(15) :% —1.6826

10

d loge (4) =229 _ 64307
log,,(25)

e logs(1.3) =903 _ 5196,
log,,(8)
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3 a 2*=100
x =log, (100)
_ log,,(100)
~ log,,(2)
X=6.644
b 4=9
x = log, (9)
_ log,,(9)
log,,(4)
x=1.585
C 5=70
X =log, (70)
_ log,,(70)
log,, (5)
X = 2.640
d (0.75)*=0.01.

X =109, .(0.01)

log,,(0.01)

" log,, (0.75)
x=16.01

e (1.045)* = 2

X= |091.045(2)

_ l0g,,(2)
log,,(1.045)

X=15.75
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4 a =5
x=log,(5)
_ log,, (5)
log,,(3)
x=1.465
b 7¢=14.3
x =log, (14.3)
_ log,,(14.3)
~ log,,(7)
x=1.367
C =15
X = log,(15)
_ log,, (15)
log,,(3)
X =2.465
d 5 =100
X = log, (100)
_ log,,(100)
- log,,(5)
X =2.861
e 6=4
X =log,(4)
_ log,(4)

- log,, (6)
x=0.774
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5 a 3*1=857
X+1=10g,(85.7)
1 log,,(85.7)

log,, (3)
X+1=4.051

x =3.051
b 9%+t =64
4x+1=log,(64)

Ax 1= 1090 (64)
log,,(9)
4x+1=1.892789
4x =0.892789
x=0.2232

c 5>*1=32
2x+1=10g.(32)

oy 11 109:(32)
log,, (5)

2X+1=2.1533828

x=0.5767

d 3%"%=13
7x—2=10g,(13)
7X=2 = Ioglo (13)

log,, (3)
7x—-2=4.051
X =0.6192

e 6°"¥=17
5-3x=1log,(17)
3X — IoglO (17)

log,, (6)
5-3x=1.581 246

X =1.140
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Reasoning and communication

6 Given logs (a) = b and loga (2) = c, find loga (48)

log, (48) = loga (16 x 3)
=410ga(2) + loga (3)

log, (a) 1
log,(3) log,(3)

logs (a) =

l0ga (3) = %

l0g, (48) = 4 l0oga (2) + loga (3)

=dc+
b

1
log, (a)

_log,(b) 1
120 (0)=15g, () ~ Tog, (@

7 Prove that loga (b) =

© Cengage Learning Australia 2014
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8 Given that 3= 4Y= 12°, show thatz = o

log, (3") =log, (4*) = log, (12°) for any defined base a

xlog, (3)=ylog, (4)=1zlog, (12)
‘o zlog, (12) and y= zlog, (12)
log, (3) log, (4)
= zlog,(12) Wz log, (12)
log,(3)  log,(4)
_z log, (12) Lz log, (12)
log,(3)  log,(4)
_ zlog,(12)log,(4)+zlog,(12)log, (3)
log, (3) log, (4)
_ zlog, (12)[log, (4) + log, (3)]
) log, (3) log, (4)
_ zlog,(12)log,(12)
log, (3)log, (4)
xy zlog,(12) 2 log,(12) . zlog,(12)log, (12)
x+y log,(3)  log,(4)  log,(3)log,(4)
xy _zlog,(12) zlog,(12) log,(3)log,(4)
x+y log,(3)  log,(4)  zlog,(12)log,(12)
Xy
X+y

=7
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Concepts and techniques
1 a 9 +3=12
2

(3) +3" =12
Letp=3
p’+p-12=0
(p+4)(p-3)=0
p=—4 or p=3
o 3¥=—4 or =3

3* =—4 has no solution as 3* >0

x=1 only

b 5*'+5-4=0
5'(5") + 5°~4=0
Let p=5"
5p°+p-4=0
(Gp-4)(p+1)=0
p=08 or p=-1
.. 59=0.8 or 5°=-1

5% =—1 has no solution as 5* >0

5*=0.8 only
X = log,(0.8)
‘= log,,(0.8)
og,,(5)
x=-0.1386
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1+6'*=6"
1+6'(6") = 6"
Let p=6"

6

1+—=p
p

Multiply both sides by p.

p+6=p’
p’-p-6=0
(p—3)(p+2)=0
p=3 or p=-2
s but 6°>0

6" =3 only
X =log,(3)
X = 109y, (3)
log,,(6)
x=0.6131

© Cengage Learning Australia 2014
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2714+ 20=3x 2"
(2*) 2+20=3(2")
Letp=2"
2p*-3p+20=0
(2p+5)(p—-4)=0
p=-25 or p=4
But 2 >0

2" =4 only

X=2
11 x 8 — 30 = 8*

11(8)-30=( &)

Let p=8"

p°-11p+30=0

(p-5)(p-6)=0

p=5 or p=6
8=5 or 8=6
X =1logg(5) or x=log,(6)
g, ®) o 109,(6)

log,,(8) log,,(8)

Xx=0.774 or x=0.862
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9 =53
xlog,,(9) = (x+3)log,, (5)
x[l0gy4(9) - l0g,, (5)] = 310g,, (5)
3 3log,,(5)
~ [log,,(9) - l0g,, (5)]

8 =493
x10g,,(8) = (x—3)log,, (49)
X [Ioglo (8) - IOglo (49)] =-3 IOgm (49)
-3log,,(49)
X =
[IOgm (8) - |091o (49)]

4*° = 350"°
(x+5)log,,(4) = (x—5)log,, (350)
x[log,,(4) —log,, (350)] = -5log,, (350) —5l0g,, (4)
. —5[log,, (350) + log,, (4)]
[log,,(4) - log,,(350)]

2% =151
3xlog,,(2) = (x-1)log,, (15)
X[3l0g,,(2) ~10g,, (15)] = - log, (15)
3 —log,, (15)
[3log,,(2) - log,, (15)]

72X -1 — 17)( +2
(2x-1)log,,(7) = (x+2)log,, (17)
x[2l0g,,(7) —l0g,,(17)] = 2l0g,, (17) +log,, (7)
_ 2log,,(17) +log,,(7)
[210g,,(7) —l0g,,(17)]
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=77

xlog,,(4) = (x—2)log,,(7)

x[logy, (4) —log,, (7)] =—-2log,,(7)
_ -2 Ioglo (7)
~ [log,(4) ~log,,(7)]

X=6.954

58% = 4**4
xlog,,(58) = (x+4)log,,(4)
X [Ioglo (58) - IOglo (4)] =4 |0910 (4)
__ Alog,(4)
- [Ioglo (58) - IOglO (4)]
x=2.074

5 "2 = 46" 2
(x+2)log,, (5) = (x—2) log,, (46)
X [Ioglo (5) - IOglO (46)] =-2 Ioglo (46) -2 IOglO (5)
. —2100,,(46)—210g,, (5)
[IOglo (5) - IOglO (46)]
x=4.901

62)( — 5x +3
2xlog,,(6) = (x+3)log,,(5)
x[2log,, (6)—log,,(5)] = 3log,, (5)
_ 3109, (5)
" [210g,(6) - 109, (5)]
X =2.446

28X +1 — 92X -4

(x+1)log,,(28) = (2x—4) log,, (9)

x[log,,(28) - 2log,, (9)] = —4log,, (9) - log,, (28)
 _ —410g,,(9)—l0g,, (28)

~ log,,(28) - 2log,, (9)
x=11.41
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4 a logs(x—2)=4
x—2=3*
X =83
b log (2x — 10) =2
2x —10=10% =100
2x =110
x =55

c logz (2x + 12) — logz (x) = log2 (4)
(Zx +12
log,

jz log, (4)

2X+12 _4
X

2X+12 =4x
2x =12
X=6

d log, (2x +1) — logo (x — 1) = log, (4x — 4) + 2
log, (2x + 1) — log, (x — 1) = log2 [4(x — 1)] + log (4)
log, (2x + 1) — logz (x — 1) = log, (4) + loga(x — 1) + logz (4)

Iog{ inlz} = log,(16)

(x-1)
2x+1 _16
(x—1)2

2x+1=16(x* - 2x + 1)
16x° —34x + 15 =0
(8x—5)(2x=3) =0

> orx:1l

X=—
8 2

© Cengage Learning Australia 2014 ISBN 9780170254663



log (3x + 6) — log (x + 2) = log (x — 2)

log (3)( +26j =log(x—2)

- 3X+6
T OX+2

3X+6=(X-2)(x+2)
3Xx+6=x"-4

x> -3x-10=0
(x=5)(x+2)=0

Xx=5o0r x=—2 butx=-2
X=5

=(Xx-2)

logs (2x — 4) — logs (x — 1) = logs (x — 2)

log, (zx—_fj =log,(x-2)
2x—4

S =(x-2)

2Xx—4=(x-2)(x-1)

2X—4=x*-3x+2

X -5x+6=0

(x=3)(x=2)=0

x=3o0r x=2 butx=2

X=3

[log(x)]>*=21log (x) —=3=0
Lety = logio(X)

y?-2y-3=0
(y=3)(y+1)=0
y=3o0r y=-1

But y =log,,(x)

= log,,(x) =3 log,,(x) =-1
x=10° x=10"
x=1000 x=0.1
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[log, (X)]* = 2 log, (x) = 8

Lety =log, (x)

y>-2y-8=0
(y-4)(y+2)=0

y=4o0r y=-2

But y=log,(x)

- log, (x)=4 log, (x)=-
x=2" x=27
x=16 x=0.25

[log, (X)]* + logz (x) =2 =0
y+y—-2=0

(y-D(y+2)=0

y=1lor y=-2

But y=log, (x)

- log,(x) =1 log,(x) =-2

x=2 X=27
X=2 x=0.25
[logs (x)]* = logs () + 2
y?—y-2=0
(y-2)(y+1)=0
y=2o0r y=-1
But y=log.(x)
s logg(x) =2 log,(x) =-1
x =5 x=5"
x=25 x=0.2
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[logs (X)]* = logs (x*) +3=0

y?—4y+3=0
(y-3)(y-1)=0
y=3or y=1

But y=log,(x)
s log,(x) =3 log,(x)=-1

x=3 x=3"
x=27 x:1

3
[logs (X)]? = logs (x°) = 24 = 0
y?—5y-24=0
(y-8)(y+3)=0
y=8or y=-3

But y =log,(x)

- logg(x)=8 log,(x) =-3
x=5" x=57

X =390625 x =0.008

3[log (X)]*+5 log (X) =4 =0

3y’ +5y-4=0

Using the calculator to solve

y=-2.257334 or y=0.590667

But y= IOglO(X)

- log,, (X) =—2.257334 log,,(x) =0.590667

X = 1072.257334 X = 100.590667
x=0.00553 x=23.90
11 ‘b *Unsaved — {Dm

solve(}: : y2 +5- y— 4=0,}')

(J72 +5) J73 -5
or
6 6

P Decimal

LV ({73 +5) 73 -5
= ory=
6

5732 or y=0.590667
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€ Edit Action Interactive

L s j:E::I Simp J'_"',.r vi

solve( 3y™ 24+5y=4=0, v)
{y=-2. 257333058, y=0. 5806672909}

b [logz (X)]° = 5 log, (x) — 3

y>—5y+3=0

Using the calculator to solve

y =0.697224 or y=4.302776
But y=1log,(x)

. log,(x) =0.697 224 log, (x) =4.302776
x = 2009724 X = 24302776
x=1.62 x=19.7

c 4[logs (X)]* = 6 — logs (x)
4y* +y-6=0

Using the calculator to solve

y =-1.356187 or y =1.106107

But y=log,(x)

. log,(x) =-1.356187 log,(x) =1.106107

X =3 e X =3

x =0.225 x=3.37
d  2log (x)—4=3[log ()]

2y —4 =3y’

3y*-2y+4=0

Using the calculator to solve.
There are no real solutions.

*Unsaved — ol < |
X
solve(S- y2—2- y+4=0,y) false H
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£ Edit Action Interactive

Cei[ o [iaafsm] 2o [ ]]

'solve(ﬂy*z-zwil:ﬂ. ¥)
No Solution

e [logs (X)]* + 5 logs (x) —3=0
y2+5y-3=0
Using the calculator to solve.
y=-5541...ory=0.541...
But y = logs (x)
So x =5 ~0.00134 or x = 5>*" " ~ 2.39

Reasoning and communication

- \kn
7 A:P(1+Lj
K

i 2x20
5000 =1000 (1+ Ej

i 40
5:(1+—j
2
log,, (5) =40log,, (1+ %j
log., (5 i
—gi(a( ):Iogm (1+Ej
i logy, (5)
(1+_jzlo i
2
logyo (5)
i:2x(10 w0 —1J

i =0.0821 (i.e. 8.21%)
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- \kn
8 Formulais: A= P(1+ij

Money doubles itself, so A = 2P; assume yearly compound interest, so k = 1; and n = 15.

-\15k

2P = P(1+i)
2=(1+i)15

1 t
8= [1+ 215 —1j

1

8 =21
t
IOglo 8)= E |0910 (2)

t — 15 % Ioglo (8)
0g,6(2)
t =45 years
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Concepts and techniques

1

a

© Cengage Learning Australia 2014

logz (x) =2.3, x~ 4.9
Yy

L
1

y = log, (x) s

0 ||||,Ilr1|||||||||||||||||||||||||'—'—
/1 2 3 4 5 6 *

3
Y

11

11 y=log(x)
Ej 3

= II|II

- L

1 N

1 - \
'}_IIIIIIIIIr"\-\.l__\__\I-\_H-I\-IIIIII|IIIIIIIII|=

1 T~ 2 3%
T

-1 T
-2
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c logs (z) = 0.8, 2~ 0.27

¥
1
y = log: (x)
ﬂ T = | = T -
9 05 _— 1 1.5 *
i ~
-1 1
- lf".
In'
1/
-2 - !
Y

© Cengage Learning Australia 2014
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N

a logs (x) =3.1,x~ 75

%]

# Edit Zoom Analysis ¢ X
EBEEEERE RS
sheet1 [Sheet2 [Sheet3 [Sheetd |Sheet5 |
B y1=log4 (x) (—

[v2:0
[¥3:0
[v4:0
[Tya:0
[lve:0

W . P
—

b 13bg(4,[x)
al
Bl E (72.857,3.

X

0’ 10 20 20 40 B0 EO FO 80 S0

c=72.1857143 | ye=3.0934993

EIE
@

Deg Real
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b logos (y) =2.5,y~0.05

t

a4
- I||
J '|I
3—- II'I.'
. ".'.
- LY
] y=log,; (x)
2_
14 e
7 -
_ x
0.1 0.2 0.3 0.4 0.5
-1

*Unsaved <

£+ Edit Zoom Analysis

BEEEREED

(x]

sheet1[Sheet2|Sheet3 [Sheet4 [Sheet5|

y1=1080.3(x) [
[v2:0

[Iv3:

[va:

[1v6:

[ . ]
—

]
]
[]v5:0
]
(

v1=Ide(0. 3,x)

.0505,2.4802)

L |x|

. xc=0,]050487

0.1

]

s
yc=2. 480155

Deg Real
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c log7 (z) =-1.6, 2= 72~ 0.04

Y4

y=log; (x)

TI-Nspire CAS

1.1 Cam S
y1Rlog (7, x)
1

01 02 0.3 04 05

INEENES

ClassPad

& Edit Zoom Analysis ¢ (%]
B EE R EES
Sheet1[Sheet2 [Sheet3 [Sheet4 [Sheets |
y]:lOST(X) fa—
[v2:0
[v3:0
[Jva:0
[]¥5:0
[Jv6:0

"l
i

01 o -2 (0.0421,-1.61E)

D(X)-lcs7 ) =

I

(0042.16) 1o ] ¥E0.0431169  yc=—1.615614
/ ' ple (%] %
: T m

Deg  Real
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d |Ogo_2 (k) =-0.4, k=1.9

24
- IIlII
RN
A y=logg, (x)
1 .
ﬂ T T T T T T |ET- r\___l_\__l T T T T T T T |;
1] 05 1 B = T 2
-1+
24
Y
& Edit Zoom Analysis ¢ X

*Unsaved = DYG: 0

BEEEEREED
sheet1 [Sheet2 [Sheet3Sheetd [Sheet5 |
M y1=losg o(x) p—
[y2:0
[Jv3:0
[v4:0
[]v5:0

[N Pl

w1=log

1:30.1 \3, o i N S o
: —0:4
§ £2(x)=-0.4 (19,-04) o _

¥e= 19090909 | yc=—0. 401772

B
]

Deg Real
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a

f(x) =logz (x) — 2
Vertical translation 2 down from f (x) = logz(x)

yh
flx) =log, (x) - 2 -
) L
B / x
/
¢ (1,-2)
[
v
b f (X) =logos (X) — 2
Vertical translation 2 down from f (x) = logos(X)
vA
| flx) =loggs(x) -2
|0.25
o s L
\ x
\
N
':1 ] _2’]
h""‘-\-\.,_\_\_
\ T

ISBN 9780170254663
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f(x) = loga(x) + 1

Vertical translation 1 up from f (x) = loga(x)

},Jl

flx) =logy(x) + 1

=y

f () =logos(x) +3

¥ i ||

Vertical translation 3 up from f (x) = logos(X)

fix) =logy e (x) + 3
I"ux (1,3)

\

Ne

!
. |

© Cengage Learning Australia 2014
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© Cengage Learning Australia 2014

f (x) = logs(x) — 2
Vertical translation 2 down from f (x) = logs(x)

¥ i
flx)=logz(x) -2

'

f(x) =10go2(x) +2
Vertical translation 2 up from f (x) = logo2(X)

y “ fix) =logga(x) + 2

ISBN 9780170254663
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4 a  fK

= log, (x —2)

Horizontal translation 2 right from f (x) = log, (X)

y

b f(x

A

‘ flx) = ]ﬂgi{x— 2)
3

=logs(x + 3)

Horizontal translation 3 left from f (x) = logs(x)

l v =_3 y A
|
|

.:-"-H-

-
-

4—#—-—
-2 x
| /

© Cengage Learning Australia 2014

| I|'
|
|| fx) = log, (x + 3)
It Y
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c f (X) =logos (x — 3)
Horizontal translation 3 right from f (x) = logo s(x)

i
|IlI
\ 4
b
*
k!
kY

}'Ii

'

%y

x=3

e

fix) =logyz(x - 3)

d f (x) = logs(x + 2)
Horizontal translation 2 left from f (x) = logs(x)

I
L
"oy

|,-' fix) =log; (x+2)

© Cengage Learning Australia 2014 ISBN 9780170254663
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e f(x)= Iog% (x-1)

Horizontal translation 1 right from f (x) = log, (X)

¥ [ ] |
I' fix) = logy (x - 1)
| =3

f f(x)=logz(x +1)

Horizontal translation 1 left from f (x) = logz(x)
A
¥

-1 —

xX=

/
In'

!
.'

|| fix)=logy(x+1)
Y
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5 a f(x) =log;(x) +3
b f (X) =logos (X) — 2
c f(x)= Iog% x)+1

d f(x) =logs(x) — 4
6 a f(x) = logs (x + 4)
b f(x) =logos (X —2)
c f(x) =logs(x +3)
d f (x) = logos (X — 5)

Reasoning and communication

7 a f(x)=loga(x +4)+3
b f(xX)=logoa(x—2) +1
c f(x)=logs(x +3) -4
d f(X) =logos(x—1) -2
8 a y=log,(x+3)+1
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b y=1ogos(Xx—2) -2
vk I
||

|
A

| 2.25
--—4|—Q—I-
I|I X
\y=loggs(x-2)-2

)

x=2

Y

|
|
| (3,-2)
|
|
|

c y=logs(x+1)-2

d y=logs(x-2)+1

T
—

'

¥ -

|

x=2|
e
|
|
|

i

'2.25

/
i -
|

|

|
f X

!
y=logy(x-2)+1
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Reasoning and communication

1 s =930 log (d) + 65
280=930log(d) +65
215=9301log (d)

215
log (d) = 930

215

d =10%0
=1.7029

The tornado has travelled about 1700 km over warm ocean water.

2 pH = —log([H])
a [H]x [OH]=10"and [OH]=10"
s [H1=10"
pH = —log(107™%) = 13
b pH =15
10 x[OH]=10"
~[OH]=10

The concentration of OH™ ions is 10 moles/litre.

3 pH=-2
pH = —log([H™])
-2 =—log([H"])
[H] =10

The concentration of hydrogen ions is 100 moles/litre.
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n =k log(A)
When A =500 km?, n = 2800
2800 =k log (500)
k =1037.43
n=7?when A =250
n = 1037.43 log (250)
= 2487.78
~ 2488

S =10log [LJ
I0

I
125=10log| ————
g(lx104zJ

|
125=log| ———
J [1><10_12 J

I
1x107%
| =10"*° x1x107*

=10 =3.16

_ 1012.5

L=9+5.1log (d)

a L=9+5.1log (6)
L =12.9686

b 10=9 +5.1 log (d)

1
— =log(d
1~ l09(d)

d =105
d =1.5706
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7 R =0.67 log (0.37 E) + 1.46
a R =0.67 log (0.37 x 15500 000 000) + 1.46
~7.998
~8
b 8.5=0.67 log (0.37E) + 1.46

7.04
——=10g(0.37E
0.67 9 )

7.04

0.37E =10°¢" =3.217 088 6117 x10"
E =8.695x10"

8 y=a+Dblog;(t)
Att=1y=1827
18.27 =a+blog, (1), but log, (1) =0
oo a=18.27
Att=2 y=2541
25.41 =18.27 + b logz (2), but log2 (2) =1
7.14=Db
oy =18.27 + 7.14 log, (t)
Att=10,y="?
Y10 = 18.27 + 7.14 log; (10)
Y10 = 41.989 litres
After 10 hours from a desalination process, there are 42 litres of fresh water produced.

9 a Each note has frequency given by, say, k times the frequency of the previous note.
There are 12 notes in the scale, so the next note of the same name has frequency
k'? times the frequency of the previous one of the same name. But this is double,
sok?=2and k=142,
b There are 3 steps from A to C through A# and B, so middle C has frequency
(%2)° x 440 = 42 x 440 Hz
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Concepts and techniques

1 a y=1In(x)

dy 1
dx x
b y =In (10x)
dy 10 _1
dx 10x X
c y =31In(2x)
dy 4,2 _3
dx 2X
d y =1In (0.3x)
dy 03 _1
dx 0.3x x
e y =6 1In(9x)
dy 6, 9_68
dx 9x
X
f =In| =
Y @
1
dy_2_1
X X X
2
X
=4In| =
gy (sj
1
dy _,.3_4
dx ¢
3

© Cengage Learning Australia 2014
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dy 3
&_ZX 2X

3
d 1

ax 290 =30 (@)

d 1
b —Ilog (x) =
dx 90 xIn (10)

¢ Jiogey =1
dx %7 XIn(9)

d 1
d —1log, (X) =
ax 2% xIn (2)

1 1

e d 10902 (X) L L
— 0.2 = =
dx xIn (0.2) xln(

y=In(3x-1)

dy __3

dx 3x-1

b y=In(2x+7)
dy 2
dx 2x+7

c y=2In(4x-3)

dy 9 4 8

dx AX—3 4x-3
d y=5In(6x+7)

ﬂ:Sx 6 _ 30

dx 6X+7 O6X+7
e y=In(2x+ 1)

ﬂ_ 2

dx 2x+1

© Cengage Learning Australia 2014

1

jlen(S‘l)z_xln(S)
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y=3In(5x-1)

dx bx-1 b5x-1
y=61In(3-4x)

ﬂZGX _4 = _24 = 24
dx 3-4x 3-4x 4x-3
y=121In(5-8x)

dy _,, 8 _ 9% _ 9
dx 5-8x 5-8x 8x-5

y =In (3x°)

dy 15x* 5
dx 3x> X

y = In (4x°)

dy 12x* 3
dx  4x® X
y=1In(2¢+1)
dy ~ 4x

dx 2x?+1
y=21In(5-8x)

dy —16x 32x
_=2X 2 = >
dx (5 -8x%) 8x°-5

y=In(x*-2x* + 3x - 4)
dy  3x*-4x+3
dx x*-2x*+ 3x-4

y=3In(2x* -7 +x)

dy 3 8x® —35x* +1 3(8X3 —35x* +1)
— =0oX =
dx @x* =7 +x)  2x*-7x®+x

y=In(v3x+1)

y:%In(3x+1)
dy 1 3 3

=X =

dx 2 (3x+1) 2(3x+1)
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y=1In (\/5—7x)

1
=—In(5-7x
y=3 ( )

dx 2 (5-7x)  2(7x—5)
y=1In (\3/4x+9)

dy 1 7 7

y=%|n(4x+9)
ﬂzlx 4 4

dx 3 (4x+9) 3(4x+9)

y=1In (58—x)

1

==In(8—x
y=2 8-x)
ﬂ_lx -1 1
dx 5 (8-x) 5(8-x)
y=In(3x -7)*
y=4In(3x-7)
dy y 3 12

dx (3x—7):3x—7
y=In(5x -2)*
y=3In(5x-2)
ﬂsz 5 15
dx (5x-2) 5x-2

yzln(—1 J
X+2

y:In(x+2)_1
y=-In(x+2)
dy_ 1 1

dx ><(x+2) X+2
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yzln( 2 j
5-3x

y=1In(2)—In(5-3x)

ﬂ=0+(—1)>< -3 = 3
dx (5-3x) 5-3x

; 2
y—In( j
6x+1

y:—2ln(

6x+1)
y==-2In(3)+2In(6x+1)

Y _grpx 8 _ 12
dx (6x+1) 6x+1

7 -5
=ln| —
y (4—xj

y=-5In(7)+5In(4—x)

L - B
dx (4-x) x-4
y =In (x* + 2)?
y=2In(x*+ 2)
ﬂ:Zx 2X _ 4x
dx (X*+2) x*+2
y=1In (3 = x%)?
y=2In(3-x%)

dy _ —2X —4x

_2X =
dx (3-x%) 3-x°
y=1In (¢ -2x +3)*
y=3In(x*-2x+3)
2 _ 3(3x*> -2
dy 3% 3X° -2 _( )

dx (x*-2x+3) x*—2x+3
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d

y = In (2x% — 3x% +4x - 1)°
y =3In(2x* -3x* +4x-1)

dy ., 6X*-6x+d 6(3x* —3x+2)
dx (2x® =3x*+4x-1) 2x*-3x°+4x-1

i(x2 —-2x+ 1) In(X)
dx
:(2x—2)|n(x)+%(x2 —2X+1)

di (+3x+5)In (* + 3 +5)
X

3x% + 6X
=(3x2 +6x)><|n(x3+3x2 +5)+mx(x3+3x2 +5)
2
:(3x2+6x)x|n(x3+3x2+5)+(j’x—+6x)5x X3 75
X T

= (3x2 +6x)[|n(x3 +3x° +5)+1}
=3x(x+2)[|n(x3 +3x° +5)+1]

d
—XIn(x
i (x)

:1><In(x)+£><x
X

=1+In(x)
d «
&e In (x)

1
=e*xIn(x)+=xe*
X

:ex[ln(x)+l}
X
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e a4 In (x) sin (x)
dx

:%xsin (X) +cos (x) x In (x)

:w+COS(X)X|n(X)

f %{In(x)cos(xﬁm}

X

=%xcos(x)—sin () x I (x) 1+ 2808 () ~1xsin ()

2

X
_ cos (x) _sin(x)xIn (x) + cosx(x) B sir)l(gx)
= 205 (x) —sin(x)In(x) - sir)l(gx)

Reasoning and communication

8  Givenf(x)=61In(3-4x)
—4
(3—4x)

24
(3-4x)

a  f/x)= 6x

£'(x)

b f)=22_2%

-5 5
c f'(x)=2,x=7?
—24
(3—4x)
(3—-4x)=-12
15=4x
x=3.75
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9  Givenf(x)=6 In(\/xz —1) - ex%m (x? —1) =3In (x* -1)

2X 6X
a f'(x) =3 =
(x) sz—l x*—1
o6x2
b f'(2) = =4
(2) 11
c f'(x)=6,x=7?
6X
=6
x? -1
x?—1=x
X*—x-1=0
RENG
2
1-5

But for x :T, f (x) is not defined, so x = 1+2\/§ .

10  Givenf (x) = 4x* + 3 In (x* + 2x)

2X+2

a f’ 8x+3
()= +><x+2x)

(
62(x+ 1)

:8X+(x + 2x)

b f'(2) =16 +2.25=18.25
c f'(x)=2
6(x+1)
(% +2x)
3(x+1)
(x2+2x)
4x(x2 +2x)+3(x+1) :(x2 +2x)
4° +7x* +x+3=0
x=-1.836

8X + =2
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11
f(x)
f (X)
Cam=2
~g®—3
9'()=2

g9'(x) =

12 Prove that i{In [f01} =
dx

Lety = In[f (X)]
dy _ 1

Py ) x f'(X)
Cdy (%)
Tdx o f(x)

© Cengage Learning Australia 2014
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M|

Concepts and techniques
2

1 a j—dx=2ln(x)+c
X

b Izdx:7ln(x)+c
X

c jidx=—6ln(x)+c

5X 5

d J- dx 4In(x)

e 8 1dx:—8|n(x)+c
117 x 11

f _gjidx=_m+c
47 x 4
1

2 a ——dx=In(x+4)+c forx >-4

X+4

b jidx=|n(x—2)+c forx > 2
X—2

c I ! dx:ln(3x+1)+c forx>—1
3x+1 3 3

d f L ax=nOX=9) o gorx> 2
5x-9 5

e I 11 dx:llln(7x_9)+c forx>g
7x-9 7

f I 13 gu=13In0x=D o gorxs L
4x -1 4 4

g f 6 dx:—GI ! dx:_6In(zx_5)+c:—3ln(2x—5)+c for x> 2.5
5-2x 2X-5 2

h T oax==MO=3) ol 210 (x=3)+c forx>3
3—X 1
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Reasoning and communication

3 2
3 a IX;X dx:J'1+§dx:x+ln(x) forx >0

(on

4 2
dex :I(4x—§+ x‘szx

x3 X

-1
=2x° —3In(x)+X—1+c

:2x2—3ln(x)—1+c for x>0
X

3_
I&Ndx =I§+2x—x‘2dx
X X

=5In(x) + x* +1ictorx>0
X

2 5_
d J-4x +8x> —2X

e dx:jg+4x2—x’2dx
X X

3
:2|n(x)+%+3+c for x >0
X

I3X10 —2x* +15x°

X3

dx =I’E'>x7 —2x+de
X

3,
:?—x +15In(x)+c forx>0
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1
4 f'(x) = —
(x) 5

dx
f(x):jE
f(X)=In(x-2)+c
f(3)=6
6=In(1)+c
f(x)=In(x-2)+6 for x>2

5 fix)= -

5-3x
f(x):deXZJJ T gx==MBx=9) .
5-3x 3x-5 3
f(2)=7
7:—7|n(1)+c, c=17

7 5
f(X)=—=In(83x=5), x> =
(x) 3 ( ) 3

2X

d B
6 - [In¢ +2)] S

4x 2X
dx =2 dx=2In(x>+2)+cC.
J.x2+2 Ix2+2 ( )

d 2 _ 2X
7 I -5)] v

_ X 1 2x 1 2 2
..jx2_5dx_5sz_5dx_§m(x —5)+c,x2>5
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1 1 x+2-(x-2)

8 _ -
X-2 x+2 (x-2)(x+2)
3 4
_(x—2)(x+2)
4
x4
J 24 dx = L_Ld
X -4 X—2 X+2

=In(x-2)-In(x+2)+c forx>2
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Reasoning and communication

1 L(t) = 100 In (kt)

a

129 =100 In (20K)
20k — el.29

1.29
~ 20
L(10) = 100 In (10K)

k

el.29
L(10) = 100 In x10
20

=59.68

The student will not yet have learnt 60, so 59.

el.29
L(t) =100 In| ——t
20

e1.29
L(60) =100 In (— x 60)
20

=238.86
The student will have learnt 238 words.

1.29
€

180=100 In
20

tj, t = 33.3 minutes
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el.29
e L(t) =100 In| ——t
20

L'(t) =100x —29

1.29
€ ¢

Att =45 minutes,

, 100

L'(45) = 2.3 words per minute

2 N(t) =500 In (21t + 3), t € [0, 40]
a N(0) =5001In (3),on1lJan, 0<t<1
N(0) = 549.3
About 549 moths.
b N(30) =500 In (21 x 30 + 3)

N(30) ~ 3225

C 2000 =500 In (21t + 3)
t=2.457
i.e. 3 January

d P(t) =P In(Qt+3),te [0, 40]

Att=0,769=PIn(3) =P = 709 _699.97 ~ 700
In(3)

2750

Att=152750=7001In(Q x 15+ 3) = 156Q +3=¢™ = Q=3.189
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.__.---'—"""'-".'|=
v label =132 2,3 26e+2 )
fllx)=5u0 In(21- x+3)
.-""F"’.-"-.J
/ £2{x|=700" In{2 18 x+3]
//
f{'),.‘
/
|I|'
(0,769)
[0,540)
[ X
-|':'I."f$ ittt [

f t=32.2, i.e. 2 February
g N(t) =500 In (21t + 3)
, 500x 21
(t)=
(21t+3)

500x 21
(21>< 32.2+ 3)

P(t) =700 In(3.189t +3)

700x3.189
P(t) = ——
(t) (3.189t +3)

P’(32.2) = 21.1moths/day

N'(32.2)= =15.6 moths/day
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60 =60—-alog (0 - D)
alog(-b)=0,s0-b=1,ie.b=-1
55=60-alog (12 + 1)

alog (13) =5,a=4.488...

Thus T(t) =60 -4.488... x log (t + 1)
50=60-alog (t+1)

log (t+1)= 10 =2.227...
a

t+1=169,s0t=168
T'(t) = —% so at t = 168, the rate of change is —= = —0.0265... s/day
t+1 169

The rate of change is a reduction of about 0.027 s/day.
46 =60 -alog (t +1)

log(t+1)= 4. 3.119...
a

t+1=1315.35...
t=1314.35...
To get under 46 seconds, it would take 1315 days of intensive training, or

more than 3% years. This is probably impossible to maintain.
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W) =Wo—aln(t+1)
185=Wp—aln (1) = 185 =W,
W(t)=185—-aln(t+1)

wi(t) =_(tf1)
0.2=- (3oi 1)
a==6.2

W) =Wo—aln(t+1)
100=185-6.2In(t+ 1)
—85=-6.2In(t+ 1)

85
t+1=e52

t =899573.7 days

I.e. 2564 years... too long for him!

Assume the model isN =Np + kIn (t + 1)
a Att=0,n=55=Np+klIn (1)
N=5+klIn(t+1)

Att=2,n=7
7=5+kIn(3)
k=1.82...

N=5+182...In(t+1)

b 10=5+1.82...In(t+1)
1.82...In(t+1)=5
t+1=15588...
t=14.588...
It will take 15 weeks to get up to at least 10 a day.
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c N=5+182...In(t+1)
d_N_1.82...
dt t+1

Att=4, O;—T =0.364 per week

d At t =10, c:j—’:l =0.165 per week

© Cengage Learning Australia 2014 ISBN 9780170254663

65



Multiple choice

1 C logy(8) =3 as 8 = 2°

2 A undefined, as there is no solution for -2 = 3*

3 D x > 5 as you cannot obtain the log of 0 or a negative number.
(x-5)=2,2>0,50x-5>0,x>5

4 B 1094 (2) + logs (8) + log, (%j = |Og4(2x8x%j =log, (4) =1

5 C 5 log (x) + 6 log (x + 6) = log (x°) + log (x + 6)° = |og[x5(x+6)6]

6 E The graph of y = log (x) + 4 is most like:

i
¥

2
(2x-3)

7 A iIn(2x—3) =
dz

1 1
8 C Iadx=gln (X)
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Short answer

10
11

12

logs (81) = 4 in index form is 81 = 3*.
572 = 0.04 in logarithmic form is logs (0.04) = -2

*Unsaved <

(log (15))>Decima1 151139 H
6

% Edit Action Interactive
Laa] & Jiafsme] o [ T[]

1036(15)

1.511391594 ‘

logs (15) = % ~1511
10

*Unsaved —

(solve (4x=23,x)) P Decimal

£ Edit Action Interactive

B3 |t | fid [ sime | B0 | v [ [

solve(4°x=23, x)
{x=2.261780978}

Solve 4" = 23
X logio (4) = logio (23)
X =2.262
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13

14

15

Solve 3% "1 + 3*+ 4 =3**2
Lety=3"

3(y) +y+4=9y

3y’ -8y +4=0
By-2)(y-2)=0

2
=—ory=2
y 3 y

3X:§or3X:2

X =-0.3690... or x = 0.6309...

Solve 4> "2 = 6> 1

(3x + 2) logio (4) = (2x — 1) logio (6)

X[3 log1o (4) — 2 log10 (6)] = —10g10 (6) — 2 10910 (4)

w=_ log,,(6) -2 109y, (4) _
3log,,(4) -2 log,,(6)

Solve 2 logs (x) + logs (2x — 1) — logs (x) = 1

Iog{@j =1

x(2x-1) =3

2x> —x-3=0
(2x-3)(x+1)=0

x=15o0r x=-1, butx>0
Sox=1.5

—7.933
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16 logs (x) =-0.7, x ~ 0.46

y
2

-1 7

/
o1l

17 y =loga (X + b)
x>1,s0x-1>0
b=-1
Nowatx=3,y=1
Thus log, (2) = 1 so a = 2 and the function isy = log, (x — 1).

1
y
1r 1) .
ERERER
3k
3k :
4 1
18 a iIogﬁ(x)ziln(x)= 1
dx dx In(6) xIn(6)
d 6x
b —log, (3x* + 8)=———
dx o ) (3x* + 8)
d 73x* - x*+ 5)
c &[(3x4—x3+ 5) In(7x+ 1) |=(12x° =3x*)In(7x+ 1)+

(7x+ 1)

In(3x-5) 3In(x)
g i{ In (x) }: X (3x—5)
dx | In(3x-5) [In(3x—5)]2

_ 1 {In(3x—5)_3|n(x)}
[In@Ex-5)] L x (3x-5)
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3x* -4
19 — — dx=In(x*-4x+1)+c
J.xe'—4x+1 ( )

Application

20 f(x)=logs(x +2) +2

— .
12— 263

21 SN = ! log (lj +1

3 |
10:—Zlog(lj+ 1
3 I
T -3
log| — |[=9x—
Og(lj X 7
(Tj 27
|og T =

=107 =0.000138...

About 0.014%.
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22 dx="?

IX3_3X2 +2x—4
X+1
Dividing:
X2 —4X+6
x+1>x3—3x2+2x—4

X3+ x?

—4x% +2X
—4x* —4x
6x—-4
6X+6
-10

3 2 _
X* —3X° + 2X 4:x2—4x+6— 10
X+1 X+1

3 2 _
j XT = 3x +2X 4dx:j(x2—4x+6——10 jdx
X+1 X+1

3
= %—sz +6x-10In(x+1) +c

Alternative method
Using synthetic division

-1/1 -3 2 -4
-1 4 -6
1 -4 6 -10
3 2 _
X —3X° + 2X 4:x2—4x+6— 10
X+1 X+1
3 2 _
jx 3+ 2x 4dx:'[(x2—4x+6——10 jdx
x+1 x+1

3
= %—2x2+6x—1OIn(x+1)+c
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23 x =log, (2t +€°), t>0
a i Att=0

x = log, (¢°)
x=2In(e)
X = 2units

5 h =300 minutes

x = log, (600 +€?)
X=6.4 units

b x = log, (2t +€?), t>0

2
dt  (2t+¢e%)

At t = 180 minutes, % =

dt  (2x180+e?)
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